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primitive Bx-.nm nion 


by Mitthsel Levin 


Primitive recursive function*. arc a subset oi general recursive furc* 
clous having the following propert:lea«, 


1 * 


They c\r..\ be defined usiaf; a particular recursivs schema giv>>& 


below. 


2 . 


They axe always cofc&l fimctions* that is they are defined on fcheix 


entire natural dotaaino 

3. Most ccr; ;! iv.)-i arithmetic functions are primitive recurs i l ?e c 


A 


Xuip;**rt&at part a of the arifchiueti nation oi me t a.mat hetTiat ic# can be 


expressed using primitive recursive functions* to particular * 


o: 


oppose * 9 define 


theorem l 4 %. i 13 3 prr-o f[proofcheck [xjproof]] 

Proofcheck is a primitive recursive predicate which is time if x ie 


'U& 


theorem anc proof is its proof c Theorem is not prissitive recursive 0 
It is not ever generally recursive although it is recursively enumerable'* 
Primitive recursive functions of the natural integers can be defined as 


follows 


1* constant functions e*g. \((x,y»r)4) 


2 . 


identity functions e„g \({x ,y ,z ,w) z) 


3 the successor functiou Li£(x) x-hi) 


4, equality 


M(x*y) «”y) 


5 composition t* g, f C*»8{y»*tx))} 

where f and g are primitive recursive.. 




- 2 - 


6, recursive definition by the following schema only, 
f(y > x 1 «..x ) » (if y » 0 then h^,.^) else 

g(jf -i-X« e o «X ,£(y-l ,X^o ° »X ))) 
where g and h are primitive recursive. 

Primitive recursive functions of S-expressions are similarly defined, 
1„ constant functions e.g. X[[u;v3 (A B C)3 

2, identity functions e.g, M[u;vjx;yJ x] 

3, \££x;yj cons Ex;y]} 

4o XUxjy] equal [x;y]] 

5, composition 

6, recursive definition by the following schema only, 

f[y;x..,»x. J * [if atom [y] then hCy;x^..>x Q 3 else 

g[y;x, «o<.x ; f!car[y];x.*.«x 1; £[cdr£y3; x.«..x. J13 

1 Q i u A ii 


The introduction of recursive function definitions into a deductive 
system is a difficult problem. We want to be able to do so because recur¬ 
sive definitions are a powerful way of describing algorithms® 

However, the introduction of recursive definitions indiscriminately 
will result in contradictions® The reason for this is that unlike proper 
definitions, recursive definitions are not eliminable, They actually 
introduce new premises into the system. The specific premise introduced 
bv & recursive definition is that there is a function that satisfies the 
defining equation. If there is none, then the equation makes the system 
inconsistent. 

Since we shall discuss recursion induction later, it might be well to 





*» 


puxnc cu-c that & givsn equation need not have a unique solution. Eovrever, 

I 

ii it is convergent, then there ie a unique solution. 

l‘or example, consider the equations 

(1) fV*ct(x) = (if x = 0 then 1 else xcfact(s-i)) 

CO factlfe) « fact 1 (xvl) /»;-l 

Equation 1 converges and defines the factorial of a natural integer 
Equation 2 does not converge. It is satisfied by the entire family of 
functions faetl(x) « fc 3 xl where k is any constant. 

Recursive definitions can be introduced under certain restrictions 
that guarantee their convergence. However, this requires that a certain 
portion of the arithmetication of rise t ansa thematice be accomplished first, 
‘fhis is difficult to do without using recursive definitions. 

A convenient way to avoid this circularity is to allow the introduc¬ 
tion of primitive recursive definitions as an axiom schema. This is con¬ 
sistent because the condition of total convergence is always met by primi¬ 
tive recursive functions. 


The final topic of this paper is to obtain a general primitive recursion 
schema for a variety of domains. These domains will be built from primitive 
domains using the (?) and yi operations described by McCarthy in "A Basis 
for a Mathematical Theory of Computation". 

Consider a domain S defined from primitive domains S is 

defined by setting it equal to some form in S,A,B,C... which is composed 
using only (>)»©»££ as syntactic constants. We shall give a mechanical 
translation from the equation defining a domain into the primitive recursive 




for that domain* 




I V- i. . 


<r>": t 


1. The left side of the equation is n S "”0 




"fCy»x ,»,,k ) -’o 

X U, 

The form "{A © {J) M is translated as 
”<if p Aj 3 Ck) tiie ^ h<x,y^o..y n ) else p*) H 
where p* is the translation of p„ 


its 


3 , The form ! ’<A >{ B)" is translated 

"6<y.VV f( ‘i,J W ' J r" r n>' f 9 3 A,B ( * ),3r i--- :r a )> - 

1 

ihe canonical functions and predicates p 3 A> e /O etc„ are defined on 
pp« 49*50 of McCarthy*s paper., 


This translation has been properly defined only for certain domains 

As an example, we translate the definition of integers into primitive 
recursion schema* 


I& tesg&q 

X * <{ 0 } + ( £ 0 } X» 

f(**y 1 »*.«y n ) * if X£ $ 0 } then h(x,yj...y ) else 

£<y ’ v " v «/>A, B w.yi...yn» 

Note that x £ ^ o"| means x’sO 

B C*) means M(x) 0) 
p A,B ^ meQQS M(x) x«l) when x £ 0. 
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